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Missile Stability Using Finite Elements—an Unconstrained
Variational Approach

Julian J. Wu
Benet Weapons Laboratory, Watervliet Arsenal, Watervliet, N.Y.

The stability behavior of a flexible missile idealized as a free-free beam is studied using the finite-element
technique. The structure is assumed to be under a constant thrust which, in turn, is subjected to a directional
control device. A concentrated mass is included to model a piece of heavy machinery. The solution formulation
- finite element in conjunction with unconstrained variational principles -is shown here to be general, simple to
use, and effective to overcome the difficulties arising from nonconservative forces, concentrated mass, and feed-
back control features. As a basis of this approach, an unconstrained variational statement and the associated ad-
joint problems are introduced. Numerical results from this study reveal that 1) for a free-free beam under a con-
stant thrust, there exists a nonzero mode which seems to have escaped previous investigators; 2) since this newly
realized mode is the lowest nonzero mode and is divergent in nature, a missile structure is unstable without feed-
back control; and 3) depending on the amount and location of a concentrated mass, it can improve the stability
behavior of a missile.

I. Introduction
TPO assure the precise location and direction of a
JL space rocket or a missile at any moment during the flight,

its vibration and stability behavior are obviously of
paramount importance. The stability of deformable missiles,
idealized as free-free beams, has been investigated by several
writers.1'7 Beal1 considered a uniform beam under constant
and pulsating thrusts with a simple feedback directional con-
trol. Kaliski and Woroszyl,3 Kacprzyniski and Kaliski,4 and
Solarz5 investigated more complicated problems by including
such effects as the aerodynamic forces, material damping,
and the cross-sectional variations along the missile's length.
More recently, Kalisnikov and IPin6 extended BeaPs results to
include material damping and more general capabilities of the
directional control of thrusts. Matsumoto and Mote7 have
further included the effect of time delay in the directional con-
trol feedback. One of the special features of their paper is that
the finite-element technique was used in conjunction with the
T-decomposition method.8

Since the first appearance of the pioneer work by Nikolai,9

there has been rapid progress in the theory of nonconservative
stability in the last two decades. A text by Bolotin10 deals ex-
clusively with such problems. A review paper by Herrmann11

contains a comprehensive bibliography of the work on the
subject performed prior to 1967.

Mote12 and Barsoum13 were the first to apply the finite-
element method to nonconservative stability problems. Both
writers employed the extended Hamilton's principle as their
basis of approximations. Later Kikuchi14 presented a
Galerkin-finite-element approach to general nonself adjoint
problems. In the meantime, Wu15 has successfully solved non-
conservative stability problems using finite elements in con-
junction with adjoint variational statements. It has been
found subsequently that the general linear, nonconservative
stability problems can be solved most efficiently using finite
elements formulated with unconstrained adjoint variational
statements.16'19 One of the purposes of the present paper is to
extend such formulations to the missile stability problem with
concentrated mass and a thrusting force with directional con-
trol.

When directional control is not included, the present
numerical results reveal the following: 1) associated with a
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uniform beam under a constant thrust, there exists a nonzero
eigenvalue which represents a divergent instability, and 2) the
amount and location of a concentrated mass can be chosen to
improve the stability behavior of a missile structure.

First the mathematical modeling of the problem is
described in the Sec. II. An unconstrained variational
statement and the associated adjoint problems are introduced
in Sec. III. The finite-element formulations are then given. In
Sec. V, the stability criteria is recapitulated together with a
discussion on the rigid body modes of free-free beams. Finally
the numerical results are presented and their significance
discussed.

II. Mathematical Modeling of a Flexible Missile
The sketch of a typical missile (or rocket) structure is shown

in Fig. la. First the structure is assumed to be slender enough
that a good evaluation on its stability behavior can be ob-
tained using the simple beam theory. The cross-sectional
variation can be easily included in the analysis since the finite-
element method will be used. A piece of heavy machinery is
modeled by a concentrated mass at any desired location.

The jet propulsion is represented by a compressive force,
considered constant in the present study, at the tail end. The
direction of this thrust is controlled by a feedback sensor
located at a predetermined position. Aerodynamic forces are
neglected in this study.

HEAVY
MACHINERY-

A )

MATHEMATICAL
MODEL

FINITE ELEMENT
DISCRETIZATION

D)

Fig. 1 Mathematical modeling of a flexible missile. A) Sketch of a
typical missile (or rocket). B) A simple model: free-free beam with a
concentrated mass. C) Small disturbance from the equilibrium state.
D) Finite element discretization.
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In any particular moment during its flight, the missile struc-
ture can be considered in a state of dynamic equilibrium. In
this state, the structure can be assumed to be rectilinear in
form, referred to as the undisturbed axis, without loss of
generality. The lateral stability of the structure is then charac-
terized by the behavior of a small disturbance from this axis
and perpendicular to it (Fig. Ib).

Let u(x,t) denote such a disturbance. The differential
equation and boundary conditions can be written as the
following

D.E. (EIu")" + (P*(x)u'y+pAti + — l i i ( x )

u' (xm)}d(x-xm)=0

B.C. u" (0)=u"f (0)=0

where
P'*<*> = fL AoMpAe+M

(2a)

(2b)

(3a)

(3b)

Other parameters are defined as follows:

A,I = area, second moment of the cross section
£ = missile length
p,E = mass per unit length, Young's modulus
P = thrusting force
M = concentrated mass
Ke = thrust directional control constant

A prime ( ' ) denotes a differentiation with respect to the
spatial coordinate x, measured along the missile's length, and
a dot ( • ) , differentiation with respect to time t. The
parameters xm and xe mark the locations of the concentrated
mass and the feedback sensor.

It will be convenient to deal with nondimensionalized forms
of the equations. To this end, the following nondimensional
parameters are introduced.

•*(new) = *(old) /£ u (new) = u old /^

'(new) = * <old)/C, "I = M/pAt

Q=Pt2/EI, Q1=Q/(l + m)

(4a)

(4b)

(4c)

where c= (pA^/EI)1/2 has the dimension of time.
In terms of the new parameters of Eqs. (4), the non-

dimensional forms of Eqs. (1) and (2) become

u"" + (Qjxu')' +mQ1u"H(x-xm) + \2u"
+ {m\2u(xm) + mQju'(xm)}6(x-xm)=0 (5)

u" (0) =u"r (0) =0

u"(l)=u'"(l)-QKQu'(xe)=0 (6)

where H(x) and 5(x) are the Heaviside step function and the
Dirac delta function, respectively.

Equations (5) and (6) are valid for constant cross sections
only. For the purpose of the present study, we shall limit out-
selves to these equations. The extension of the following for-
mulations to varying corss-sectional properties is quite
straightforward.

It should also be noted that in Eqs. (5) and (6), the usual
assumption that

u(xjt) =u(x)e* (7)

has been adapted and there should be no confusion caused by
the simplified notation of using the same letter u for two dif-
ferent functions w(x,t) and u(x).

III. An Unconstrained Variational Principle
As the basis of the approximate solution, the following

variational statement is introduced

dl=0 (8)
where

/= I [U"v" -
JO

'v' -mQ1u'v'H(x-xm) + \2uv]dx

Qu'(l) v(l) + QKeu'(xe)v(l)

m\2u(xm)v(xm) (9)

Carrying out the variation of Eq. (8) using integration by
parts, it is not difficult to arrive at the following

dl= \ [u"" + (Qxu')+mQju'H(x-xm) + \2uJo
+ (m\2u(xm)+mQIu/(xm)) d(x-xm)] dvdx
+ u"(l)dv'(l)-(u""(l)-QKeu'(xe)]5v(l)
-u"(0)bv'(0) + u""(0)bv(0)

' ) + mQjv'H(x-xm) + \2v

-QKev(l)d'((x-xe) + (m\2v(xm)
+ mQIvf(xm)8(x-xm)dudx

(10)-v"(0)bu'(0) + v"" (0) du(0)

InEq. (10),

d'(x-xe)= - d ( x ~

There should be no confusion between the variation symbol
and the Dirac function. Physically, d(x) represents a con-
centrated force and 8'(x) may be considered as a couple, or a
double force, well-known in the theory of elasticity. The
mathematical justification of the use of the d function and all
of its derivatives was given by Schwartz. 20

Now since the following variations are allowed to be com-
pletely arbitrary, i.e.,

<5«, dv in interval 0<x<l

8u(l), du'(l), d v ' ( l ) d v ' ( l )

•du(0), d u ' ( O ) , 5v(0), dv'(O)

The necessary and sufficient condition for Eq. (8) is the
following two boundary value problems.

The original problem,

D.E. .u"" + (Qxu'Y + mQu'H(x-xm)+\2u
+ (m\2u(xm)+mQ1uf(xm)) d(x-xm)=0

(12a)
B.C. u"(l)=0

-[u"f (l)-QKeu'(xe)]=0
-u"(0)=0

u'"(0)=0 (12b)
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and the adjoint problem,

D.E. v"" + ( Q j x v ' ) ' + mQ1v'H(x-xm) + \2v
+ (m\2v(xm) + m Q j V f ( x m ) ) b(x-xm)

-QKdv(l)d'(x-xm)=0 (13a)

B.C. v" (1) + Qv(l)=0

-[v"'(D + Qv'(l)]=0 .
-v"(0)=0
v'"(0)=0 (13b)

IV. Finite-Element Formulations

To derive the finite-element matrix eigenvalue equations,
one begins with the variational statement of Eq. (8).

67=0

1= \ (u"v" —QjXu'v'—mQju'v'H(x—xm)
J o

+ \2uv)dx + Qu'(l) v ( l ) + QKeu' ( x ) v ( l )

+ m\2u(xm)v(xm)

Carrying out the variation of Eq. (14) one arrives at

67=67; + 672=0

where, symbolically,
f 7

67/= \ (u'bv" — QiXu'bv — mO u bv
Jo

+ Qu'(l)dv(l) + QKeu'(xe)Sv(l)

(> „, „ „,= \ (v ou —Q,xv 8u —mO,i• Jo ^' ^'

(14a)

(14b)

(15)

51,

m\2u(xm)5v(xm)
(16a)

'.' + \v8u)dx

+ Qv(l)bu'(l) + QKev(l)du'(x9)+ m\2v(xm)'du(xm)
(16b)

Since 67, involves only bv, and 672, only bu, and since bu and
6y are quite independent of each other, it is only necessary to
consider either 67; =0 or 672=0 for the eigenvalues. It might
be of interest to point out that the final matrix equation from
67; =0 is simply the transpose of that from 672 =0. This is one
way to be convinced that the set of eigenvalues of the adjoint
problem is the same as the original problem.

Now, the slender beam structure is divided into L segments
(elements) as shown in Fig. Ic. In the discretized structure,
one has

67; =0 (17a)

\ « ( //")'
J 0

mQiL

In obtaining Eqs. (17), a change of independent variable has
been implemented such that

(18)

where the superscript (i) denotes "the /th element. ' '

Thus

(19a)

(19b)

where xm and xe designate the locations of the concentrated
mass and the feedback control.

Now, let

(20a)

(20b)

where

{/</) ={t/}'), UP, t/j;), t /y>) (21 a)

V^T=\V\i\ VP, K|", Ky>) (21b)

are the generalized coordinate vectors and

(22)

is the shape function vector (see Ref . 15).
Using Eqs. (20) in Eq. (17) one obtains

67;=

where

= L3C-Q,(i-l)B-QlD-mQ,LH, i=i,,

L3C-Q,(i-l)B-Q!D-mQ,LB,

p(i) = J- £

E=QLE,

F=-QKeF,

G-mG,

(23)

, £>= f
Jo

Using the continuity requirement that

(17b)
i=2,3,...,L

(24a)

(24b)

(24c)

(24d)

(24e)

(25a)

(25b)

(25c)

(25d)

(26a)

(26b)
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One can assemble Eq. (23) into the global matrix equation

where

, UP, U^}

V\L

(27)

(28a)

(28b)

The construction of R and P will be conveniently described in
matrix partition concept.

Let us rewrite Eqs. (28) as

where

UP

(29)

(30a)

(30b)

and similarly for VT. Then matrices R and P can be con-
sidered as (Z/+1) by (£ + 1) with the elements themselves
being matrices of 2 x 2.

Also, in Eqs. (24) one writes
Rffl

with

Rffi-
R,f

RJF _R4f

(31)

(32a)

(32b)

and similarly for other matrices in Eq. (24).
In consideration of Eq. (23), one writes for the matrices R

and P of Eq. (27) as

R=1T+ RE + RF (33a)

P=P~+ PG (33b)

Then it is easily shown that for the elements in JF.

R~n=Rtf (34a)

R(j .+ii/i.+i\ —R& (34b)

iffl =
i=2,3,...,L

(34c)

(34d)

(34e)

All othe£ elements of ^"undefined in Eqs. (34) are zero. The
matrix P is constructed in a parallel manner.

Also easily observed are the elements for RE, RF, and PG:

RE
LL =Gu (35a)

-G12 (35b)

_ 17 D _ Z7 r>G _ r*— Hi yjJL\ (;n+. i\ j —r ?t,f^a - L / W — { J ? J
(" '"• (35c)

=F PG • =GO m + / ) ( i m + 7 ) ^^

It is thus clear that R and P are essentially banded matrices.
The scattered nonzero elements are only those defined in Eqs.
(35).

V. Stability Crtiteria and Rigid Body Modes
As mentioned in Sec. II, the usual assumption has been

made that

u(x,t) = (36)

The parameter s is a complex number in general. Thus, one
writes

X = X* + /X/ (37)

where / = V —7, and \R and X/ are both real numbers.
Where \R is negative or zero, the disturbance u(x,t) will

decrease with the time / or remain finite. Thus the structure is
considered stable.

When \R is nonzero and positive, the disturbance will grow
with time. This is the case of instability. In agreement with
usual terminology, divergence instability is characterized by
X/ = 0, whereas flutter (or oscillatory) instability, by X/ ̂  0.

In the special case where both X^ and X/ are zero, the
solution represents a rigid body motion. Within the context of
the small oscillation theory, based on which the governing
equations are written, the term "rigid body motion" ob-
viously has restricted meaning. It implies an arbitrary, (none
the less) small motion. Such a motion, be it translation or
rotation, is necessarily small and is in such a manner so that
the state of (dynamic or static) equilibrium is not altered. Or,
what is the same, the original set of equations is still valid.
With this understanding, the solutions associated with rigid
body modes should therefore be considered stable modes.
This point is emphasized due to some unthinkable arguments
made on the "unstable" nature of the rigid body rotation by
several writers.

To understand fully the nature of the rigid body modes of a
flexible missile, it may be helpful to review some simple cases.
The lateral oscillation of a free-free beam (Fig. 2a) can be
described by the following differential equation and boundary
conditions:

D.E. U"" + \2U=0

B. C. U" (0) = U"r (0)=0

U"(1)=U'" (1)=0

(38a)

(38b)

(38c)

It is a simple matter to show that X2 has two zero solutions
corresponding to two rigid body modes: u = constant; u' =
constant.

Another example for which there exists the same two zero
eigenvalue solutions is a beam subjected to compressive
follower force Q at both ends (Fig. 2b). For this problem, one
has

D.E. U"" + QU" + \2U=0

B.C. U"(0)=U'" (0)=0

U"(1)=U'"(1)=0

(39a)

(39b)

(39c)

The situation becomes quite different when the compressive
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Fig. 2 Possible rigid body modes of some free-free beams. A) Free
oscillation of a uniform beam. B) With follower force at both ends. C)
Force with fixed direction at both ends. D) The model of a uniform
missile.

force Q is to remain fixed in the direction of the undisturbed
axis (Fig. 2c). The equations now become

D.E. U"" + QU" + \2U=0

B.C. U"(0)=U"'(0) + QU'(0)=0

U" (1) =U"' (1) +. QU'(1)=0

(40a)

(40b)

(40c)

In the system of Eq. (40), it can be readily shown that while
rigid body translation (U= const, X2=0) is a solution, the
rigid body rotation (V = const) is not.

Similar situation exists for a uniform missile under a con-
stant thrust at one end and with no directional control
features (Fig. 2d). The system of equations is rewritten here.

D.E. U"" + (QXU')' + \2U=0

B. C. U"(0)=Um(0)=0

U"(1)=U'"(1)=0

(41a)

(41b)

(41c)

Now it is amply clear that the only rigid body mode associated
with Eqs. (41) is a translational motion. Rigid body rotation is
again not a solution to the problem unless Q = 0, in which
case, system (41) reduces to Eqs. (38).

Since Eqs. (38) can be considered as a special case of Eqs.
(41) with Q = 0, it is reasonable to assume that there is a one-
to-one correspondence between the solutions of the two
systems. It is then a legitimate question to ask: What is hap-
pening to that particular eigenvalue X2 in Eq. (41) which
corresponds to the rigid body rotation (X2 = 0) in Eqs. (38)? A
numerical answer to this question is provided Sec. VI.

VI. Numerical Results
Since the final eigenvalue matrix is not symmetric for the

problems considered here, a computer program for the eigen-
values of a general matrix must be used. In this study, two
subroutines from the IBM Scientific Subroutines Package has
been used. The first one, HSBG, transforms a given general
matrix into an almost-upper-triangular, or the Hessenberg's,
form. The second, ATEIG, extracts all the eigenvalues from a
matrix in the Hessenberg's form. The calculations were per-
formed in a computer system IBM360, Model 44, and the
associated Operating System. Within the system, the double
precision arithmetic carries sixteen significant digits and it is
used throughout in the present study.

In a previous study on similar problems without any rigid
body modes,16 the convergence of the eigenvalues were found
to be extremely good. Using six (6) elements, the eigenvalues
of the first four lowest modes were obtained within one per-
cent of the exact values. With one or two rigid body modes,
the number of elements has to be increased to nine (9) in the
present analysis.

~ o. 2. 8.4. 6.
Q/,2

Fig. 3 Stability behavior of a uniform missile without thrust direc-
tional control; m = 0.

The numerical values of the first four lowest eigenvalues,
including the zero mode, for a uniform missile without a con-
centrated mass and without directional control for the thrust
are shown in Table 1 and plotted in Fig. 3. The zero eigen-
values are tabulated to emphasize the fact that they are the
results of calculations and not by assumptions. For the special
case of having no thrust, two zero eigenvalues are expected,
and two obtained, representing two rigid body modes. With
the application of any amount of Q, only one zero mode is ob-
tained. As described Sec.V, only one rigid body mode,
corresponding to translation, is expected and rigid body
rotation is no longer a possible mode. Thus, the second lowest
mode is expected to be nonzero. The numerical value of X2

turns out to be real and positive throughout the full range of
Q, representing a divergence instability.

The third and fourth modes are the familiar vibratory
modes which have already been reported by Beal,1 Feo-
dos'ev2 and Matsumoto and Mote.7 As the value of Q in-
creases, these two branches eventually coalesce at
Q=10.937r2. Beyond this point, X becomes complex,
representing flutter instability. However, this flutter in-
stability is insignificant due to the second mode of divergence
instability at any value of Q. It should be noted however that
both Beal1 and Matsumoto and Mote7 have correctly
discounted the significance of this flutter instability criterion,
but only on incorrect grounds—that is, by the reasoning of
rigid body rotations. Needless to say, a clear understanding of

Table 1 Numerical values of the four lowest eigenvalues
for a uniform missile under constant thrust

without directional control

0. 1. 2. 3. 4.

\4 61.70
\3 22.37
X2 0.
X; 0.

59.78
20.95
(0.60)
0.

57.79
19.49
(0.78)
0.

55.69
17.98
(0.88)
0.

53.47
16.45
(1.02)
0.

5. 6. 7. 9.

\4
*3
*2
V

51.11
14.94
(1.29)
0.

48.56
13.57
(1.82)
0.

45.76
12.50
(2.64)
0.

42.62
12.08
(3.69)
0.

38.90
12.70
(4.72)
0.
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Table 2 Numerical values of the four lowest eigenvalues
for a uniform missile with a concentrated mass

at the tail end (M= 0.02)

Q/K2

\4

X5

\2

*1

0

59.62
21.58
0.
0.

1

57.62
20.04
(1.04)
0.

2

55.51
18.42
(1.09)
0.

3

53.29
16.73
(0.23)
0.

4

50.93
14.95
L64
0.

G/7T2

X, 48.39
X5 13.11
X2 2.73
X7 0.

45.61
11.28
3.76
0.

42.49
9.90
4.33
0.

38.86
10.29
2.90
0.

34.22
12.94
(3.61)
0.

Table 3 Numerical values of the four lowest eigenvalues
for a uniform missile with a concentrated

mass at the tail end (M = 0.04)

Q/7T2 0 1 3

X,
X5

V
*/

58.14
20.94
0.
0.

56.05
19.29
(1.32)
0.

53.85
17.52
(1.33)
0.

51.51
15.60
0.86
0.

49.01
13.47
2.72
0.

Q/7T2

X,
X5
X2
X;

5

46.30
10.85
4.82
0.

6

43.29
—
—
0.

7

39.86
—
—
•X).

8

35.68
—
—
0.

9

29.75 -
—
—
0.

the stability behaviors of this simple problem is essential to
the interpretation of data of more complicated cases.

The effect of a concentrated mass on the stability behavior
of a uniform missile is discussed next. Let us consider a con-
centrated mass, two percent of the total mass of the beam, at-
tached to the tail end (i.e., #r = 0.02, xm = 1.0). The eigen-
values of the four lowest modes are given in Table 2 and plot-
ted in Fig. 4. In comparison with'the case of having no con-
centrated mass, there is shown to be a stability zone between
g = 3.05?r2 and g = 8.4l7r2. Beyond this range at either end
the structure is unstable due to divergence. There is also a
pseudocritical load of flutter instability at Q=10.057r2, at
which the third and the fourth branches of the eigenvalue
curve coalesce.

The stability behavior has again a characteristic change as
the amount of the concentrates mass increases to 4% of the
beam total mass (w = 0.04, x=l.O). The eigenvalues of the
four lowest modes are given in Table 3 and plotted in Fig. 5.
Now the stability zone is between Q = 2.81?r2 and Q=5.597r2.
Below Q=2.8l7r2, the beam is still unstable due to con-
vergence. However, the point <2=5.597r2 marks the
coalescence of the second branch and the third. Beyond it,
flutter instability occurs.
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